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We revisit the problem of the kink in the charge radius shift of neutron-rich even isotopes near the
N ¼ 126 shell closure. We show that the ability of a Skyrme force to reproduce the isotope shift is
determined by the occupation of the neutron 1i11=2 orbital beyond N ¼ 126 and the corresponding change
it causes to deeply-bound protons orbitals with a principal quantum number of 1. Given the observed
position of the single-particle energies, one must either ensure occupation is allowed through correlations,
or not demand that the single-particle energies agree with experimental values at the mean-field level.
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The evolution of charge radii across the isotope chart is
one of the most basic nuclear structure observables, as it
provides a particularly useful characterization of the proton
distribution that can be accessed by a variety of experi-
ments [1]. We define the charge radius isotope shift as the
difference between the mean squared charge radius, hr2chi,
of a series of isotopes and that of a given reference isotope
(208Pb for lead and 210Po for polonium). Theoretically,
charge radii have been traditionally studied within the
droplet model [2], which captures qualitatively their evo-
lution across the nuclear chart. Yet, in some specific cases,
quantum shell effects dominate the density distribution and
provide a departure from smooth systematic trends.
Perhaps the most well-known example of these abrupt
changes is the kink in the isotope shift of even lead isotopes
as one passes through the N ¼ 126 magic number.
A summary of the experimental results [1,3] around this
neutron shell closure is given in Figs. 1 and 2 for lead and
polonium, respectively. For lead, the fitted solid line is of
the form
hr2chi ¼

m1ðA 208Þ; A < 208
m2ðA 208Þ; A > 208
: (1)
Linear regression gives
m1 ¼ 0:0598ð7Þ fm2 m2 ¼ 0:1203ð9Þ fm2;
i.e., the slope of the shift is observed to double at A ¼ 208
to a very good approximation. This abrupt change in
charge radius cannot be explained within the droplet model
[2]. Recent experimental work using laser spectroscopy
techniques have identified a similar kink in neutron-rich
polonium isotopes above the Z ¼ 82 shell closure [3] (see
also Fig. 2) in agreement with older radon and radium data
[4]. Moreover, the details of the changes of proton and
neutron radii in isotopes around 208Pb have also gained
renewed interest in the form of the neutron skin, which
correlates strongly with nuclear matter properties [5,6].
On the neutron deficient side, the onset of deformation is
also probed by measurements of isotope shifts [7]. In this
Letter, we propose a new mechanism to explain the exis-
tence of the kink in lead isotope shifts using density func-
tional calculations supplemented by pairing effects.
On the theoretical side, mean-field models, or, equiva-
lently, density functional theories have been widely applied
to the systematic study of all observed and hypothesized
nuclear isotopes [8]. Both the Skyrme-Hartree-Fock and
the relativistic mean-field (RMF) approaches are able to
give broadly good descriptions of many nuclear properties
across the nuclear chart, including radii [9]. In particular,
shell effects are naturally included in such quantum me-
chanical calculations. The kink in the isotope shift for lead,
however, is still a somewhat challenging observable, for
which a full theoretical understanding remains elusive [3].
Note, in particular, that beyond mean-field correlations
have a very small effect on the charge radii in this area,
close to the shell closure [10]. This suggests that any
missing theoretical component should have a rather
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 202  204  206  208  210  212  214
δ<
r c
h2
>
 [fm
2 ]
A
SLy4
SLy4mod
SKRA
SkI4
NRAPRii
Experiment
FIG. 1 (color online). Isotope shifts are given by the difference
in the mean square charge radius between a series of even
isotopes, denoted by their mass number A, and that of 208Pb.
Across the N ¼ 126 shell closure, a strong increase in the slope
of the experimental data (diamonds) is observed. Theoretical
predictions, obtained with different Skyrme parametrizations,
are also presented. Only a handful of Skyrme sets are able to
reproduce the increase of slope above N ¼ 126.
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general origin, most likely independent of the particular
microscopic picture.
The ability of different mean-field methods to reproduce
(or not) the isotope shift in lead has often been used to
benchmark different models [11–13]. Original Skyrme
parametrizations were unable to reproduce the isotope shift
in lead, whereas RMF parametrizations seemed to be able
to do so. Since the early 1990s, the situation has been
studied by several authors [10–12,14]. Sharma et al. [15]
and Reinhard and Flocard [12] took the hint that the spin-
orbit mean field resulting from the Skyrme-Hartree-Fock
and RMF approaches has a different isotopic dependence
[16]. Reinhard and Flocard extended the Skyrme approach
with an extra degree of freedom in the spin-orbit channel
[12]. In their notation, the energy density functional due to
the spin-orbit interaction can be written
ls ¼
Z
d3r

b4rJ þ
X
q2fp;ng
b04qrJ q

; (2)
with  denoting the total particle density, q, the proton
(or neutron) density, J , the spin-orbit current for both
types of particle and J q, for a particular type.
With the choice b4 ¼ b04, one retrieves the form from the
original Skyrme force as posited by Bell and Skyrme
[17,18], while for b04 ¼ 0 one has an RMF-type spin-orbit
mean field. One need not apply either of these rules, but
rather allow a free fit of both b4 and b
0
4. Indeed, the best 
2
found in Ref. [12]—the widely applied force SkI4—had
b4 ’ b04. Furthermore, it was found that a qualitative
description of the kink could be found with the original
Bell-Skyrme spin-orbit functional if one included the iso-
topic shift data in the fit. This, however, can only be
achieved at the expense of the overall fit quality through
an unusually low effective mass, as is the case for force
SkI5 [12].
The usual explanation given for the reproduction (or
lack of) of the kink is the position of the 2g9=2 neutron
orbital above the N ¼ 126 shell gap [12,19], which in turn
is particularly sensitive to the spin-orbit component of the
energy density functional. If this orbital is subject to a
weak spin-orbit force it will not be so deeply bound and
its radius will be commensurately larger. Consequently, the
pull on the proton states through the symmetry energy will
be somewhat pronounced and might be able to explain the
sudden change in charge radius. It has also been noted that
the 1i11=2 neutron state is sometimes occupied through
pairing (typically BCS) probabilities. Yet, the 1i11=2 orbital
is consistently1 fm smaller in radius than the 2g9=2 [12],
so a description based on the radius of occupied neutron
orbitals cannot give a full explanation. In this Letter, we
seek to clarify the important role of the occupation of the
neutron 1i11=2 orbital in producing the correct isotope shift.
We advocate that the overlap between neutron and proton
orbitals with the same principal quantum number, n ¼ 1,
plays a major role.
The motivation for this study comes partly from a recent
evaluation of most known Skyrme parametrizations for
their ability to fit nuclear matter properties [20]. We would
like to see how those forces that passed a series of nuclear
matter constraints perform in finite nuclei [21]. Note that
the spin-orbit term of the mean field is inactive in infinite
nuclear matter. Consequently, functionals which perform
well in infinite systems might not be able to reproduce
observables like the isotope shift. A slight subset of the
‘‘good’’ forces is used in the present work to serve as an
example. They are SKRA [22], fitted to a realistic nuclear
matter equation of state (EOS) along with some finite
nuclear properties, and NRAPR [23], fitted to the EOS,
with adjustment of the spin-orbit force to optimize binding
energy and radii in some doubly magic nuclei. We also
consider the well-known forces SLy4 [24], a widely used
parametrization from the Lyon group, and the already
mentioned SkI4 [12], explicitly adjusted to reproduce
isotope shifts in lead. We note that only one of these
parameter sets, SkI4, uses the extended spin-orbit force
of Eq. (2). In addition, we re-adjust SLy4, as stated below,
to analyze the case of the extended form. We would also
like to stress that our conclusions are general and do not
depend on the specific Skyrme functional at hand.
Let us briefly review the spin-orbit mean-field properties
of some of the Skyrme models used here. As it stands, the
spin-orbit parameter for NRAPR, W0 ¼ 2b4 ¼ 2b04 ¼
41:958 MeV fm5 is very low (typical values for other forces
are W0 ’ 120 MeV fm5). This results, in particular, in a
proton shell-gap so small at Z ¼ 82 as to destroy the doubly
magic nature of the nucleus. We therefore replace NRAPR
by constructing a modified force, NRAPRii, in which the
value of the W0 is doubled, leaving other parameters
unchanged. Further, to analyze the effect of a RMF-type
spin-orbit force, we introduce a modified SLy4 force, with
the original parameters (b4¼b04¼61:5MeVfm5) changed
to b4¼75:0MeVfm5 and b04¼0:001MeVfm5. The change
in b4 for SLy4mod was designed to keep the magnitude of
the spin-orbit field in 208Pb the same as SLy4, while altering
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FIG. 2 (color online). The same as Fig. 1 for polonium. The
reference isotope is 210Po.
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only its isovector properties. This only modifies total ener-
gies and radii of closed shell nuclei within 2%.
The calculated isotope shifts for these five Skyrme
parametrizations in lead and polonium are shown in
Figs. 1 and 2, respectively. Calculations are performed
with a spherical Hartree-Fock code, including BCS pairing
with a delta volume pairing force [9]. Deformed calcula-
tions for 186Pb, not included here for brevity, indicate that
all these forces also provide a plausible description of
nonspherical isotopes. The forces SLy4mod, NRAPRii,
and SkI4 are able to produce a sizeable kink in the isotope
shift. Note, however, that SkI4 does so by construction.
Most Skyrme forces, including SLy4 and SKRA, struggle
to reproduce the kink. The forces which have a kink in lead
do produce one in polonium. The mechanism underlying
the kink should therefore be quite general within this
mass region.
A key difference between the forces showing the kink
and the others is illustrated in Fig. 3. This shows the
neutron single-particle levels in 210Pb, which are only
slightly rearranged from those in 208Pb. In particular, the
bolding of the levels above the N ¼ 126 shell closure
indicates those orbits outside the 208Pb core with a BCS
occupation above 3% [25]. A key point of this Letter is the
observation that the 1i11=2 state is substantially occupied
only in the forces which reproduce the kink. The occupa-
tion of this state is vital for getting a kink in other isotopic
chains.
The effect of the 1i11=2 occupation on the charge radii is
explored in Fig. 4. Each frame shows the radius isotope
shift of every individual occupied proton orbitals from the
lowest 1s1=2 state up to the 1h11=2 orbital below the Z ¼ 82
shell gap. For the forces in which the 1i11=2 neutron orbital
has a significant occupation above N ¼ 126, there is an
increase in the isotope shift of the proton states with
principal quantum number n ¼ 1. States with higher
principal quantum numbers show a more mixed behavior.
n ¼ 2 states have less marked differences across forces,
while the parametrization dependence of the 3s1=2 state is
concentrated on the A < 208 side. The combined contri-
bution of the n ¼ 1 states explains the presence of the kink
in the isotope shift [14].
From a nuclear matter perspective, one can say that the
strong nuclear symmetry energy acts to increase the over-
lap between all the proton states and the overall nuclear
density. The effect will be enhanced if the overlap between
wave functions is maximal, which occurs whenever the
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FIG. 3 (color online). Neutron single-particle energies around
the Fermi surface in 210Pb for five sets of Skyrme forces. States
with a significant BCS occupation, >3%, above N ¼ 126 are
emboldened. Whenever the 1i11=2 state is substantially popu-
lated, the kink in isotope shift can be reproduced.
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FIG. 4 (color online). Lead isotope shifts of individual proton orbitals for five sets of Skyrme forces. Filled squares correspond to
SLy4, open squares to SLy4mod, closed circles to SKRA, open triangles to SkI4, and closed triangles to NRAPRii. The results
highlighted in red are those associated with forces which reproduce the isotope shift. Above the shell closure, the n ¼ 1 states in the
leftmost column contribute substantially to the kink.
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nodal structure is the same. The latter is determined by the
principal quantum number. To test this, we calculate
the radial overlaps in 208Pb between the (unoccupied)
1i11=2 and 2g9=2 neutron orbitals with each of the occupied
proton orbitals. Since the particles in each orbital interact
via the nodeless mean field, and because of the symmetry
energy tending to favor overlapping states, the radial over-
laps serve as a useful proxy for understanding the isotope
shift. These are shown in Fig. 5 for NRAPRii, but similar
results hold for the other Skyrme forces. A clear domi-
nance of the 1i11=2 overlaps over the 2g9=2 ones is seen.
Hence, when neutrons are added to the 1i11=2 state, the
proton states are attracted to larger radii to maximally
overlap with the extra neutrons.
This leaves the question of the observed locations of the
two neutron orbitals in question. Experimentally, the 2g9=2
orbital is more deeply bound than the 1i11=2 orbital [26],
though separated only by 1MeV. The forces SLy4mod, SkI4,
and NRAPRii predict a smaller (or even a negative) splitting
between these orbitals. If one identifies the mean-field
single-particle energies with experimentally measured val-
ues, the mechanism we propose can only work if the pairing
interaction allows for the scattering of enough Cooper pairs
of neutrons into the 1i11=2 orbital. In general, however,mean-
field single-particles energies should not necessarily agree
with measured nuclear energy levels [27].
As previously observed, forces with an RMF-style spin-
orbit force, like SkI4, or a low effective mass, also tend to
give a level ordering favoring the occupation of the 1i11=2
neutron orbit. According to our explanation, this should
lead to a good reproduction of the lead isotope shifts. Our
observation also gives scope for (a) forces in which energy
levels themselves are fitted, thus leading to effective
masses close tom=m ¼ 1 [26], and providing correlations
that allow for a sufficient occupation of the 1i11=2 orbital,
or (b) adjustments of the single-particle levels via the
tensor force [28] to reproduce correctly this benchmark,
without damaging good nuclear matter properties.
In conclusion, we have demonstrated that the reproduc-
tion of the isotope shift in lead is by and large determined
by the occupation of the 1i11=2 neutron orbital. Since this is
an n ¼ 1 orbital, it overlaps more strongly with the major-
ity of the proton orbitals, including those that are deeply
bound. This provides a larger ‘‘pull’’ of neutron states on
proton orbits via the symmetry energy and allows for the
reproduction of the well-known kink across the N ¼ 126
shell gap. Our explanation is in contrast to the more tradi-
tional account, based on the effect of the 2g9=2 on the
proton density. For our calculations, we have tweaked
the spin-orbit component of a few mean-field parametriza-
tions to lower the 1i11=2 single-particle energy and increase
its occupation. The physical origin of this occupation,
however, is not important for the general mechanism pre-
sented here.
This work has been supported by STFC Grants No. ST/
J00051/1, No. ST/J500768/1, and No. ST/I005528/1.
[1] I. Angeli, At. Data Nucl. Data Tables 87, 185 (2004).
[2] W.D. Myers and K.-H. Schmidt, Nucl. Phys. A410, 61
(1983).
[3] T. E. Cocolios et al., Phys. Rev. Lett. 106, 052503 (2011).
[4] E.W. Otten, Treatise on Heavy-Ion Science, edited by
D.A. Bromley (Plenum Press, New York, 1989).
[5] X. Roca-Maza, M. Centelles, X. Vin˜as, and M. Warda,
Phys. Rev. Lett. 106, 252501 (2011).
[6] S. Abrahamyan et al. (PREX Collaboration), Phys. Rev.
Lett. 108, 112502 (2012).
[7] H. De Witte et al., Phys. Rev. Lett. 98, 112502 (2007).
[8] J. Erler, N. Birge, M. Kortelainen, W. Nazarewicz, E.
Olsen, A.M. Perhac, and M. Stoitsov, Nature (London)
486, 509 (2012).
[9] M. Bender, P.-H. Heenen, and P.-G. Reinhard, Rev. Mod.
Phys. 75, 121 (2003).
[10] M. Bender, G. F. Bertsch, and P.-H. Heenen, Phys. Rev. C
73, 034322 (2006).
[11] N. Tajima, P. Bonche, H. Flocard, P.-H. Heenen, and M. S.
Weiss, Nucl. Phys. A551, 434 (1993).
[12] P.-G. Reinhard and H. Flocard, Nucl. Phys. A584, 467
(1995).
[13] J. Stone and P.-G. Reinhard, Prog. Part. Nucl. Phys. 58,
587 (2007).
[14] R. Niembro, S. Marcos, M. Lopez-Quelle, and L.N.
Savushkin, Phys. At. Nucl. 75, 269 (2012).
[15] M.M. Sharma, G. Lalazissis, J. Ko¨nig, and P. Ring, Phys.
Rev. Lett. 74, 3744 (1995).
[16] P. Ring, Phys. Scr. T150, 014035 (2012).
[17] J. S. Bell and T. Skyrme, Philos. Mag. 1, 1055 (1956).
[18] T. Skyrme, Nucl. Phys. 9, 615 (1958).
[19] J. Erler, P. Klu¨pfel, and P.-G. Reinhard, J. Phys. G 38,
033101 (2011).
[20] M. Dutra, O. Lourenc¸o, J. S. Sa´ Martins, A. Delfino,
J. R. Stone, and P. D. Stevenson, Phys. Rev. C 85,
035201 (2012).
 0
 0.5
 1
Ab
so
lu
te
 R
ad
ia
l O
ve
rla
p
1s
1/
2 1p
3/
2
1p
1/
2 1d
5/
2
1d
3/
2
2s
1/
2 1
f 7/
2
1f
5/
2
2p
3/
2
2p
1/
2
1g
9/
2
1g
7/
2
2d
5/
2
2d
3/
2
3s
1/
2 1h
11
/2
NRAPRii 2g9/2
1i11/2
FIG. 5 (color online). Radial overlaps between all the occupied
proton orbitals in 208Pb and the neutron 2g9=2 (left bars) and
1i11=2 (right bars) states computed with the NRAPRii parame-
trization. An overall predominance of overlaps where both states
have n ¼ 1 is found.
PRL 110, 032503 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
18 JANUARY 2013
032503-4
[21] P. D. Stevenson, P.M. Goddard, J. R. Stone, and M. Dutra,
arXiv:1210.1592.
[22] M. Rashdan, Mod. Phys. Lett. A 15, 1287 (2000).
[23] A. Steiner, M. Prakash, J. Lattimer, and P. Ellis, Phys. Rep.
411, 325 (2005).
[24] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and R.
Schaeffer, Nucl. Phys. A 635, 231 (1998).
[25] In most cases, the next more occupied level, either the
2g7=2 or the 1j15=2 orbitals, has an occupation which is less
than 1%.
[26] B. A. Brown, Phys. Rev. C 58, 220 (1998).
[27] T. Duguet and G. Hagen, Phys. Rev. C 85, 034330 (2012).
[28] E. B. Suckling and P. D. Stevenson, Europhys. Lett. 90,
12 001 (2010).
PRL 110, 032503 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
18 JANUARY 2013
032503-5
